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A NEW APPROACH TO THE MECHANICS OF ORTHOTROPIC
MULTILAYERED PLATESY
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Abstract—New methods are developed which provide a simplified treatment of the mechanics of multilayered
and strongly orthotropic plates. It includes the case where individual layers are themselves constituted by thinly
laminated materials each with their own orthotropic and microelastic properties. The fundamental “skin effect”
of anistropic solid mechanics is taken into account. The theory is derived in the context of plane strain deforma-
tions. Recurrence equations are obtained for an arbitrary number of layers and applied to plates with two and
three layers. The microelastic stress-couple is evaluated for the case of laminated media. Characteristic physical
features are discussed and the results are compared to a treatment based on the classical Euler-Bernouilli and
Timoshenko models.

1. INTRODUCTION

COMPOSITE structures constituted by multilayered materials have come into extensive use
in technology. This includes the use of thinly layered laminated materials whose bulk
properties are strongly anisotropic with a microelastic bending rigidity. Exact methods of
analysis of the dynamic properties of these structures by the theory of elasticity are in
most cases impractical for usual design purpose. On the other hand, the classical “strength
of materials” approach based on the Euler-Bernouilli or the Timoshenko beam model is
not adequate. These classical models ignore the skin effect as analyzed and described
earlier [1] which constitutes a fundamental feature in the mechanics of anisotropic solids.
Hence they cannot predict the detailed stress-field distribution which is essential for the
evaluation of local failures and overall damping capacity. In addition, the classical models
do not take into account the cross-sectional distortion which plays an important role in
the coupling of adherent layers. The present theory is an attempt to provide an approximate
treatment which is much simpler than the one derived from elasticity theory while retaining
the essential features. It is applicable to very complex structures with many layers such
that the individual layers themselves may be constituted by thinly laminated materials
with strongly orthotropic and microelastic properties.

It should be pointed out that the advantages resulting from a simplified theory are not
only computational. They are also conceptual, due to a better understanding of the physical
factors involved, leading to design improvements. An important characteristic feature
brought out by the analysis is represented by the concept of “transition wavelength”
which marks the point where the skin effect becomes significant.

For comparison, reference should be made to the rigorous analysis of multilayered
media based on the theory of elasticity with initial stress as developed several years ago
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by the author [3, 6]. In this work, exact and complete solutions were obtained for problems
of vibration and stability of systems of adhering orthotropic layers including the case where
the outer layers adhere to one or two elastic half-spaces. The recurrence equations as well
as the Thomas—Haskell matrix were evaluated thus providing numerical programming
methods. The particular formulation also brings out the fundamental mathematical
structure of the problem and the basic physical properties. By putting the initial stress
and the frequency equal to zero the results coincide with those obtained from the classical
linear elasticity theory, which may be compared with the approximate analysis of the
present paper. As far as the single layer is concerned a critical comparison is provided in
Table 1. In the case of multilayers the critical feature is adherence where the skin effect
plays an essential role. Since it is verified that the approximate treatment includes this
effect with good accuracy, it should provide the same accuracy for multilayered systems.
Moreover the number of unknowns in the recurrence equations of the approximate theory
are reduced by a factor two, while at the same time the coeflicients in these equations are
quite drastically simplified as illustrated in the particular case of equation (4.6).

There have been numerous attempts in the past to treat problems of multilayered
plates on the basis of the classical Euler-Bernouiili assumption. One such treatment [7]
considers the most general case of anisotropy. However as shown by Table 1 the Euler-
Bernouilli assumption has restricted validity for anisotropic plates. More recently an
analysis based on elasticity theory has been developed [8] for the static problem with
anisotropic layers clastically symmetric relative to their own plane. The case of three
dimensional deformation based on elasticity theory has been treated for orthotropic
layers with the same directions of elastic symmetry [9].

It should be added that this paper is intended only as an introduction. The method has
been applied to problems of vibrations of elastic and viscoelastic multilayered plates
including the effect of end conditions distributed across the thickness. Furthermore the
plane strain solutions are immediately applicable to three-dimensional problems of
transverse isotropic materials with rectangular, triangular and circular plan form. These
results are presented in a2 companion paper to be published subsequently.

2. BASIC EQUATIONS AND ASSUMPTIONS

We consider an elastic plate of thickness . The x axis is equidistant from the two faces
and the y axis is normal to the faces. As a first step in the investigation, a plane strain
deformation is assumed. The displacement components in the xy plane are denoted by

u = u(x.y
v = v(x.y) 2.1

The elastic material is orthotropic and the stress—strain relations for plane strain are
Cxx = CI lexx+ CIZeyy
O-yy = Clzexx"'szeyy (2.2)

a,, = 2Le,,
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where the strain components are given by

du ov v Ou

= — =—+— 2.
Cee = 5% Cyy dy Cxy 6x+6y @3

It is also assumed that the material is stratified in such a way that the elastic moduli

C;:(0nC,,(»C,2(») and L(y) are functions of y only. The corresponding stresses satisfy the
following equilibrium conditions

do,, Oa
=4

Py _
ox oy 0
(2.4)
00,y % -0
ox oy

A fundamental characteristic feature of the mechanics of plates is the smallness of the
stress components o,, normal to the faces. Hence we shall put

6,,=0 (2.5)
as a basic approximation in the stress—strain relations (2.2). Thus they become
O-XX = 4Mexx
(2.6)
o,, = 2Le,,
with a new modulus.
1
M = Fn(cl 1C22— C%z)- 2.7

In the particular case of an isotropic material in plane strain, the stress—strain relations
(2.2) are

O = (A 2les + e,
G,, = Aey,+(A+2ue,, (2.8)

o,, = 2ue

xy xy

where 4 and y are the Lamé constants. In this case we find

At
B ul+2u
2.9)
L = p
In terms of Young’s modulus E and Poisson’s ratio v, Lamé’s constants are written
Ev E
A== S — 2.10
A+vi-2» "~ 21+ (2.10)
Hence,
m=1 £ [ __E 2.11)
T 412 T 214 ’
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It is of interest to point out that for an incompressible isotropic material v = 4 and the
values (2.11) become
E
M=L= B (2.12)
Under these conditions the following resuits are derived. Elimination of u between the
two stress-strain relations (2.6) yields

1de,, dfo,\ %
L ox 5}(41\4) T oaxE @13)
Further elimination of o, between this equation and the first equilibrium condition
(2.4) leads to
o[ t oo, 18%,, o
éy[m 'é}"] Lo e @19

In the present phase of the analysis we shall consider deformations which are sinusoidally
distributed along x. Hence we put

u = U(y)sin Ix
v = V'{yjcosix (2.18)
0.y = Ty)sin x.
Equation (2.14) becomes
%{Zlﬁ g—;] -~l£~r =By (2.16)
As an additional assumption we replace V! by a constant V equal to its average across
the thickness & of the plate, i.e.

1 h/2
V= ;J V'(y) dy. 2.17)
~h{2
Hence equation (2.16) is simplified to
22
diy[z;ﬁ a‘%] —ot =PV, (2.20)

This result is fundamental and provides a complete solution of the plate behavior as follows.
The shearing stress 1(y) is obtained by integrating equation (2.20) assuming the boundary
values of © at the faces (y = +h/2) to be given as applied shear forces. This determines
the function =(y} in terms of a still unknown parameter V. We now integrate the second
equilibrium condition (2.1) across the thickness and obtain

h/2 a o

fonhi=lonl = = [ Z2dy = qeosix @2y
~h/2 X

where

hy2
qg= wlf (y) dy. (2.22)
—hj2
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The expression [o,,], —[0,,], represents the difference of the normal stresses applied at
the faces. Hence q is the amplitude of the total normal load applied to the plate per unit
area and directed along y. When this normal load is known the deflection V is determined
by equation (2.22) hence also the distribution t(y) of the shear stress. The remaining
unknowns are then easily derived. The first equilibrium condition (2.4) yields

1dz

Oux =7 @cos Ix. (2.23)
Substitution of this value into the first stress strain relation (2.6) further yields
AMIPU = ﬁ (2.24)
dy

which determines the x component u = U(y) sin Ix of the displacement. The y component
of the displacement may be assumed constant across the thickness in first approximation
and equal tov = Vcos Ix.

Thinly laminated material

The foregoing results are applicable to a plate made of thin alternating layers. For one
layer the elastic coefficients are M, and L, and for the other M, and L,. These layers
occupy respectively fractions a; and «, of the total thickness. If the layers are sufficiently
thin the material behaves as an equivalent homogeneous anisotropic medium with elastic
coefficients M and L. For the case of an incompressible medium they were derived earlier
(2, 3]. However in the present case the procedure of derivation is identical, and the result
is formally the same. The equivalent coeflicients are

M= M a,+M,u,
(2.25)
__ LL,
" Lya,+ Lo,

For a plate of laminated material we may apply equations (2.20) and (2.21) with the values
(2.25) for M and L. The same procedure is applicable to a laminated medium composed of
a repeated sequence of » thin layers each of which occupies a fraction a; of the total thickness
and is characterized by the two coeflicients M; and L;. The equivalent coefficients of the
laminated medium are then given by [3],

M = z M,»Oti

(2.26)
1 L
L=2L

The equivalent coefficients (2.26) constitute of course a first approximation. The next
approximation is provided in Section 6 below by introducing stress couples. The limits of
validity of these concepts were brought out earlier [4] in the context of stability problems
taking into account the additional feature of interstitial flow which enters into play for
large rigidity contrast between layers. However for the plate bending the equivalent
continuum with eventual addition of stress couples should be satisfactory in practice.
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3. ANALYSIS OF MULTILAYERED PLATES

The foregoing analysis may be applied to a multilayered plate. This includes the case
where some of the layers may be constituted by thinly laminated materials. Within each
layer the coefficients M and L are constant. Equation {2.20) is therefore applied to each
layer separately while V' is assumed to be the same for all layers. For M and L constant,
equation (2.20) is readily integrated.

The general integral is

7 = C, cosh Bly+C, sinh Sly—ILV (3.1)
with
‘M
B=2 T (3.2)

and two integration constants C; and C,.
The x axis is assumed to be equally distant from the two boundaries of the layer.
Denoting by 7, and t,, the values of t at the top and bottom of the layer, we derive

1
C = ':5(11 +Tz)+lLV:| cosh By (3:3)
1 1
G = E(H —Tz)——sinh By
where
y = 4lh (3.4)

and h is the layer thickness.

The normal stresses at the top and bottom boundary produce a total normal loading
on the layer given by equation (2.22). Substitution of expressions (3.1) and (3.3) in this
equation yields

q= ~(rl+r2)c+12hLV(l~;) (3.5)
with

1
¢ = —tanh By. 3.6)
; By (

The displacement amplitude U is given by equation (2.24). Its values U, and U, at the
top and bottom of the layer are found to be

1
Ul = H\/(—Ml—j(rla + fzb)'f‘ cV

(3.7)

1
= —— —_ V
U 41\/(ML)(T1b“2“) ¢
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with
a = tanh By 4 cotanh Sy
(3.8)
b = tanh fy —cotanh gy.

Consider now a plate composed of n orthotropic homogeneous layers. The layers are
nurr™ red from i = 1 to i = n. we may apply equations (3.7) to the ith layer. They become

Ul

1
il = W(tiai+ti+ b)+clV

3.9

1
Uil = "W(ﬁbi**u 1a)—cdv.
In these relations V now represents the average value of the normal displacement across
the whole multilayered plate. The elastic coefficients of the ith layer are M, and L; and its
thickness is h;. The values of a;, b;, ¢; are obtained by substituting ; = 2,/(M,/L,) and
y; = (4)lh; into expressions (3.6) and (3.8) for a, b, c.
We may write equations (3.9) in abbreviated form by putting

T: = $AT + Bt AT (3.10)

with
a. b,
A,=—p o B =" 3.11
FTIML) T aAML) G.1h)

Equations (3.9) become

T,
vi=Ziicw
o,
(3.12)
T,
Uipl = — 07, —clV.
Ti+1

At the interfaces between the layers i and i + 1 the displacement U, , is the same when
considered as belonging to layer i or i+ 1. According to equations (3.12) this is expressed
by the relations

o7, o0,
V= e, IV (3.13)
Tivy 01344
or
Bt +H{Ai+ A )i H BisiTivr = — (it DIV (3.14)

Thus we have obtained n— 1 recurrence equations for the values of 7;. Hence when the values
7, and t,,, are given at the outerfaces of the multilayered plate the values of 7; at the
n— 1 interfaces are obtained in terms of V by solving the n— 1 recurrence equations (3.14).
For example if the shear stresses 7, and 7, | at the outerfaces are zero the general expression
for 7; may be written

1; = DJIV (3.15
where D, =D, ,, = 0.
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Next we shall apply equation (3.5) to the ith layer. The normal load g; acting on this
layer is
qi = —(Ti+Ti+1)Ci—2LiCilV+ Lihile' (3.16)

Substitution of the value (3.15) for z; yields
q; = [Ih,L;—(D;+ D, )c;—2L.c;]IV. (3.17)

The total normal load g applied to the multilayered plate is obtained by summation of the
loads g; applied to each layer. We obtain

q= X 4 (3.18)
or

q = lV Z [lhiLi—(Di-i-DH_I)C,-—zLiCi]. (3.19)

i=1

This result yields the normal deflection V under a given normal loading. The shear stresses
at the interfaces are then determined by equations (3.15).

4. THE HOMOGENEOUS ANISOTROPIC PLATE

We shall apply the foregoing results to the single homogeneous anisotropic plate of
thickness h. The shear stresses applied to the faces are assumed to be zero. Hence putting
7, = 0 and 7, = 0 in equation (3.5) we derive the normal load

tanh
4- (1 _tanh fy ’”) PhLY. @.1)
By
For wavelengths large compared to the plate thickness, i.e. for small values of / we replace
tanh By by the first two terms of its Taylor expansion. This yields
q =M1V, 4.2)
For an isotropic material of Young’s modulus E and Poisson’s ratio v this becomes

1 E

= S ol (4.3)

q

Expressions (4.2) and (4.3) coincide with the results obtained from the classical Euler—
Bernouilli theory of plates where the cross-section is assumed to remain plane and normal

to the neutral axis.
It is of interest to compare the approximate result (4.1) which we write in the form

tanh
2q _ ,_tanh By 4.4)
FhLV By
with the exact value of the same quantity derived from the theory of Elasticity for the case

of an incompressible material. This exact value obtained previously [2, 3] is

q A
= 4,
PhLV oy 4-5)
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where
2 2 2 1 2 §
A= %—;leggﬁ%tanh ﬂzy—(l’;—;_%}—tanh Biy
By = JIm+/(m*—1)] @6
B2 = Jlm—m2— 1) |
2M
m= S 1.

We may also compare these results with the value given by the Euler—Bernouilli theory
which is obtained by retaining the first two terms of the Taylor expansion of tanh fy in
equation (4.4) namely

S
PhLV

The numerical values of expressions (4.4), (4.5) and (4.7) are shown in Table 1 for a number
of cases.

1 2
3BV 4.7)

TABLE 1
M/L ¥ 1 —(tanh By/By) Aly By
1 0-3 0107 0114 0-120
22 03 0203 0217 0270
2:2 0-6 0474 0-532 1-08
9 03 0474 0-495 1.08
9 0-6 0714 0-750 432

The value y = 0-3 corresponds to a wavelength about ten times the thickness h. For y = 0-6
the wavelength is about five times the thickness. We note that the error of the Euler—
Bernouilli value is large except for the case M/L = 1 corresponding to an isotropic incom-
pressible material. However the approximate value (4.4) remains adequate.

We may verify that the accuracy of the approximate value (4.4) increases with increasing
anisotropy. This is shown by evaluating the limiting value of the exact expression (4.5)
for large values of M/L. In this case we write approximately

1
B.=8 B, =— (4.8)
B
Assuming that v is restricted to the range
y < B/10 4.9)
the exact value (4.5) tends to
h
4 _tanhfy (4.10)
Y By

which is the same as the approximation (4.4).
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It is also of interest to point out that in the limiting case of very large anisotropy and
for wavelengths which are not too large, expression (4.4) may be replaced by unity. Hence
in this limiting case

q = I*hLV. @.11)

Physically this corresponds to a plate deflecting in pure shear.

5. THE TWO- AND THREE-LAYERED PLATE

Consider a plate composed of two layers. The material of the first layer of thickness h,
is elastic and orthotropic of elastic constants M, and L, . The thickness and elastic constant
of the second layer are denoted by h,, M, and L,. The total thickness of the plate is
h = h; +h,. The applied shear stresses at the outerfaces are put equal to zero

1, =1;,=0. (5.1)

The shear stress 7, at the interface is found by equating the interfacial displacements U,
considered as belonging to the first and second layer. Applying equations (3.7) we derive

1
Uyj=———
P 4\/(M2L2)r2a2+c21V N
(5.2)
U,l L v
= ———— 1,4, —¢,IV.
2 4\/(M1L1) 24y 1
Equating the two values of U, yields
4cy +cy)
T, = — V. (5.3
2 01/\/(M1L1)+02/\/(M2L2) )

In this expression the values of a, and ¢, are obtained from equations (3.6) and (3.8) sub-
stituting M,, L, and h, for M, L and h. Similarly a, and ¢, are obtained by substituting
M,, L, and h, in the same equations.

The total normal load q is the sum of the normal loads ¢, and ¢, on each layer

q=4q1%4q,. (5.4)
Using equation (3.5) after substituting the value (5.3) of 7, we obtain

49 _ dc,+cr)’
v al/\/(M1L1)+a2/\/(M2L2)

This determines the deflection V when the normal load and the wavelength are given.

Consider now a threelayered plate composed of a layer of thickness h, and elastic
coefficients M,, L, sandwiched between two layers of thickness &, and elastic coefficients
M, L,. Because of the symmetry, the interfacial shears are 7, = 7, while 1, =7, = O at
the outerfaces. Using relations (3.7) we equate the interfacial displacements U, considered
as belonging to layers 1 and 2. We obtain

+ KL by +Lyhy)— 2ALscy + Lacy). (5.5)

1
_:/m Tz(a2+b2)+cle (56)

1
1,0, —ClV = ———r——
2a; —Cy 4\/(M2L2)
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Solving for 1,, taking into account the identity a, +b, = 2f,c,, yields

ey +ea) )
— V. 5.7
a L)+ 2B, ML) 1)
According to equation (3.18) the total normal load is
q=12q,+q;. (5.8)

By applying equation (3.5) with 1, = t, = 0 and the value (5.7) for t, = 1; we derive

‘[:2:

qa _ 8(cy +c,)
IV a,/\J(M{Ly)+2B,¢,/\/(M,L,)

The last two terms represent the normal load corresponding to superposed layers with
perfect interfacial slip. The first term represents the effect of adherence between layers.
An interesting result is obtained for the limiting case of large wavelength, ie. for small
values of y, and y,. In this case equation (5.9) becomes

+2zh1L1(1—ﬁ) +lh2L2(1 —-cl). (5.9)
71 b

2

q = [2(hy + h,)h +303 M PV +IM B3PV, (5.10)

This is the same as obtained by assuming the cross-section to remain plane and normal
to the neutral axis.

6. EXTENSION TO THINLY LAMINATED MEDIA WITH STRESS COUPLES

We consider a laminated medium constituted by an alternation of thin layer of thickness'
h, = a0 and h, = a,h’. The total thickness of a pair of layers is W' = h; +h,. Their
elastic coefficients are denoted by M, L, and M,, L,, respectively. In some cases use of
the equivalent anisotropic continuum with elastic coefficients (2.25) will not be sufficient
and the bending rigidity of the laminations must be taken into account. This can be done
by introducing stress couples as follows.

We first evaluate the bending moment .#, in the layer of thickness h,. We locate the
x axis midway between the boundaries of the layer and write

h1/2
My = —f ooy dy. 6.1)
—hif2

The minus sign is chosen by defining .#, as the couple obtained by reversing the stress o,.
The value (2.23) for o, is introduced using expressions (3.1) and (3.3) for 1. This yields

tanh §,y,

1
My = —ﬁll[é(r1+r2)+lLlV](1 ) cos Ix (6.2)

171

where 7, and 7, are the shear stresses at the top and bottom of the layer, while 8, =
2\/ (M,/L,)and y, = 1lh,. There are several important simplifications which may be intro-
duced at this stage. We note that 3(r, +71,) sin Ix = g, represents the average shear stress
of the equivalent continuum. Hence we may write

$(ty +715)sin Ix = 2Le,, (6.3)
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where e, is the average shear strain and L is given by equations (2.25). On the other hand,
the case where the plate remains flat should produce only negligible stress couples.
Therefore we need only take into account the normal displacement V. As a consequence
we may substitute the value

2e,, = —2—2 = —|[Vsin Ix. (6.4)
Hence from (6.3)
Hr +1,) = —LIV. {6.5)

Another simplication is obtained by using the approximation

_tanh £, 87

1
1 = 1p2.2 _ 22 )
g =t =3 (66)
which is valid for a thin layer if 8,7, « L.
Finally we may also put
62
a% = —PVcosIx. 6.7)
With the values (6.5}-(6.7) the bending moment {6.2) becomes
1 M, 0%
«/”1 = 3(L1"'L)L1 hlg;z“ (6-8)

Introducing the value (2.25) for L and putting h, = a4’ we obtain
—1.;1,3 (LI—L;;) 362?}

My = . 6.
Y73 a L, 4oL, 1#2%15.2 (6.9)
Similarly for the layer of thickness h, the bending moment is
Ly (Ly—Ly o*v
My = —h3—2 U Mogai—. .10
273 o L,+a,l, %50 (6.10)
The total stress couple per unit thickness is therefore
1 &
M= M+ M) = bai; 6.11)
with the stress couple coefficient
1 L,—L
b= §h’2a1a2m(Mla§ — M,03). (6.12)
1 1

This result coincides with the value derived previously by a different method for the
particular case of an incompressible material [4].

If one of the layers is very stiff compared to the other M; » M,, L, » L, the value
(6.12) is simplified to

b =1M (6.13)

where M = o, M, represents an elastic coefficient of the equivalent continuum.
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The result is easily extended to the case where the laminated medium is composed of
repeated groups of n thin layers. Each layer is denoted by the subscript i. The total thickness
of the group being k' the thickness of each layer is h; = o;h’. Expressions such as (6.8) may
be used for the bending moment .#; in each layer. The total stress couple per unit thickness
is therefore

1 )
M= — .= b—5 6.14
” hfzﬂl baxz ( )
where
1, i L 3
b _§h Z(l E)M,.ai (6.15)

and L is the coefficient of the equivalent continuum given by equation (2.26).

We shall now examine how the basic equations of Sections 2 and 3 must be modified
in order to take into account the couple stresses. The only change is in the second equilibrium
equation (2.4) which is now replaced by

da,, 0o,
it . 3 Wing) £ 6.16
ax oy (6.16)
with
oM
Oxy = Oy = (6.17)
Elimination of ¢,, between these two equations yields
2 4
do,, 0o, oM v (6.18)

ox  dy  oxE oxt

For a laminated layer of thickness h and constant coefficients the value of g is obtained
as in equation (2.2) by integrating the equilibrium equation (6.18) across the thickness.
We obtain

7

qg= -1 ©(y) dy+bhi*V. 6.19)

—h/2

Since the value (3.1) of 7 remains the same
q = —(11+Tz)c+lzhLV(1—§) +bhl*V. (6.20)

For a multilayered plate where the various layers may be laminated each with a stress
couple-coeflicient b, the value (3.19) is replaced by

q = lV z [lhiLl —(Dl + Di+ I)Ci - 2L,-Ci] -+ l4V Z bihi' (6.21)
i=1 i=1

All other equations remain unchanged and the analysis follows exactly the same procedure

as in Section 3.
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7. DISCUSSION OF CHARACTERISTIC FEATURES

Consider the case of the homogeneous anisotropic plate discussed in Section 4. The
shearing stress distribution is obtained by putting 7, = 7, = 0 in equations (3.1) and (3.3).
We find

= cosh Bly

~ \cosh 1glh
Substitution of this value in equation (2.23) yields the corresponding bending stress
distribution.

—I)ILV. (7.1)

sinh Bly
= f——F—ILVcoslx. .
Oy Bcosh 150h cos Ix (7.2)
For large wavelengths, [ is small, and for a given value of g the distributions (7.1) and (7.2)
tend to the limits
h2
T = ZM(yZ—T)PV
(7.3)
0. = 4MyP*V cos Ix.

These linear and parabolic distributions are the same as derived from the classical theory
of thin plates where the deflection v under a load distribution ¢(x) is governed by the
differential equation

1 d*v

The deflection V for a sinusoidal load in this limiting case is given by equation (4.2).

Consider now the other extreme where [ is fixed while the anisotropy increases inde-
finitely, hence for § — co. In this case the deflection for a sinusoidal loading is expressed
by equation (4.11) which corresponds to the differential equation

d%
It represents a plate deforming in pure shear. The value (7.1) of 7 is then almost constant

over the cross-section and equal to
= —ILV (7.6)

except for a thin region near the boundaries where it rapidly drops to zero. Similarly the
value (7.2) of the bending stress o,, is near zero except in the same thin region where
(at the cross-section x = 0) it rapidly rises to the value

Trae= BILV (7.7)

max —_

at the boundary.
These results coincide with the existence of a fundamental skin effect derived and dis-
cussed in a previous paper [1]. The thickness of the boundary layer corresponding to this
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skin effect was found to be

1
= I

The same value is also derived from expressions (7.1) and (7.2).

Another characteristic feature is brought out by considering equation (4.1) which
provides a relation between the load g and the deflection V. For values z < 5 a suitable
approximation is

8 (7.8)

tanh z 22
— = . 7.9
z 3+1.1822 (79
Hence equation (4.1) may be written approximately
MR
(7.10)

1= 37T 18(M/L)PR

For a given ration M/L and sufficiently large wavelength this value coincides with equation
(4.2) obtained from the classical bending theory. However as the wavelength decreases
the term 1-18(M/L)I*h? in the denominator enters into play and the correction is of the

order of 10 per cent if

1 /L 1

hx- [—=- 7.11
Y -

This determines a transition wavelength

£ = 315 = 2nph (1.12)

below which the shear deformation becomes significant. This concept of transition wave-
length was already discussed earlier in connection with geological problems of folding
instability [5]. It is essentially related to the skin effect as can be seen by writing condition
(7.11) in the form

h=3. (7.13)

Hence the transition wavelength is reached where the boundary layer thickness is of the
order of the plate thickness. It should be pointed out that for large anisotropy this transition
wavelength is not small. For example for M/L = 9 we find & = 6xh which is about eighteen
times the plate thickness.

It is interesting to compare these results with a “Timoshenko beam’ approach which
may be formulated by the following equations

ds da
a+q(x)—0 E+S—0
(7.14)
1, .do dv S
M= T TR

where g(x) is the distributed normal load, S the total cross-sectional shear force, .# the
bending moment, ¢ the angle of rotation of a cross-section, v the deflection and K a



490 M. A. Bior

dimensionless coefficient. For a sinusoidal load distribution g(x) = g cos Ix and a corres-
ponding deflection v = V cos Ix equations (7.14) yields the relation

= Ml Vv 7.15
1= 3 M/KLPRE (7.13)
This coincides with equation (7.10) provided we put
1
— = 1.18. .
X 8 (7.16)

Hence the present method provides the value of the unknown coeflicient K which yields
the approximately correct deflection.

However the Timoshenko beam approach ignores the skin effect and does not provide
the detailed structure of the stress field or the cross-sectional distortion which must be
taken into account for an accurate estimate of failure stresses effective damping and the
interaction of adherent layers in multilayered plates.

Characteristic features such as the existence of a transition wavelength and others
examined here in the context of the homogeneous anisotropic plate should also be present
in the mechanics of multilayered plates even for isotropic materials because of the overall
anisotropy of such systems.

A final remark is in order concerning non-sinusoidal load distributions and application
to plates of finite span. It is clear that the half wavelength of the sinusoidal solution repre-
sents the response of a plate of span 7/l simply supported at both ends. A load which is
not sinusoidal may be expanded in a Fourier series, each component corresponding to a
wavelength which is a submultiple of the fundamental. The response of the plate is obtained
by applying the present theory to each component. The result will usually converge quite
rapidly.
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A6cTpakT—Pa3paboTaHsl HOBBIE METOIBI, NPUBOASALLIME K YNMPOLUEHHOH TPAKTHPOBKE MHOTOCIOHHBIX M
CHNIbHO OPTOTPONHLIX IUIaCTHHOK. [1pensiaraemas T€OPUS YHUUTHIBAET Cilydyal, KOraa 3TH OTOE/IBHLIECIION
COCTOBJISIOT cOOOM TOHKO IIACTHHYATHIE MATEPHUAJIbI, U3 KOTOPBIX KaxAablii 00J1anaer ¢cBOUMH cOOCTBEH-
HBIMH CBOMCTBAMM OPTOTPONMH H MHUKPOYIPYrOCTH. Y4HTHIBAETCA OCHOBHOH ‘‘3ddexT NOBEPXHOCTHOTO
cnos” MeXaHUKH aHW3OTPONHBIX TBEPALIX TeJ. BHIBOAUTCH Teopyisl IUIA Clydas TUIOCKMX AedopMaumif.
ITosy4aroTcst PeKYPPEHTHBIE YPaBHEHUS, [UTA NIPOM3BOJIBHOTO YKC/IA CIIOEB Y TIPHMEHSIOTCA K IJIACTUHKAM
C AByMsi WIIM TpeMsi CJI0AMH. OnpeaenstoTcs MUKpOYNpPYrue MOMEHTHbIE HANIPAKEHUA AJIA CAy4as IUTACMH-
HyaTOi cpembl. OBCyXaarOTCs XapakTepucTHuecKkue ¢usnueckue cpoitctBa. Pedynwnrathl cpaBHMBAIOTCS
C NOOXOOOM, OCHOBAHHOM Ha KJIACCHYECKHX Moeax Dinepa-bBepHyin 1 TUMOLICHKH.



